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(Wt)0≤t≤T
nphy¤h i1y?j^|^y?m |%¥¦m r)jSny?j
_ar{inpr{j¶± [\^`Îj^r{jSj^`ZAy?in³`}~-r{j^hi1y?jAi
r
nphi\^`njPi `Zm `-hi)m1y?i `}y?j^|i\^`zrhnin³`Î~-r{j^hi1y?jAi
σ
nph¦i\^`³r{y?inniõg r?ª
i\^`´mnph§Pg®y{h h `Zi±
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t = 0
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v(0, s0) = sup
τ∈T0,T
E
(
e−rτ (K − Sτ )+
)
)\^`Zm ` T0,T
nph)i\^`´h `Zir?ª°y?¶hi r{zSzSnjS in_a`-h)ni\'³{y?k^`-hnj
[0, T ]
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cjSn§`¸°kSm r{zU`y?j¬r{zSinpr{j^hPt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i\^`k^h `¬r?ªy?zSzSm r-µTn_ y?inpr{j/_a`Zi\^rP|Sh®¡¢h `-` ª¢r{m`CµSy?_zSp`-Ü0/H£C±K9²` y?m `¬~-r{j^~-`Zmj^`-|­)ni\/|Tnph ~Zm `Zi `jAkS_a`Zmnp~y?
_a`Zi\^rE|Shay?j^|­m `-~y?¦i\y?ii\^`Zm `®y?m ` ià¯rW_ y?nj8|Tnph ~Zm `Zi `jAkS_a`Zmnp~y?y?zSzSm ry{~ \^`-hD8 r{j^`¬nph9i\^`zSm r{y?Snnphinp~
y?zSzSm ry{~1\¤y{h `-|Wr{jÄi\^`+y?zSzSm r-µTn_ y?inpr{j²r?ª |TnGFUk^h npr{jÄPgGdWy?m§r»³G~ \y?nj^ha¡Him `-`"_a`Zi\^rE|ShY£CUi\^`"r{i\^`ZmÎr{j^`9nph
i\^`"y?jy?gPinp~´y?zSzSm ry{~1\Gm `Zy?i `-|®i r+i\^`}|Tnph ~Zm `ZinN<»y?inpr{jWr?ª0i\^`}³y?mny?inpr{jy?¶nj^`-oPky?niõg®h1y?inph*«`-| Pgi\^`}r{zSinpr{j
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rh h*¨õxkSSnj^h i `Znj
_arE|S`Z$- *I/\y{h®y?j njAi `Zm `-hi®r{j \Snphr»)jy{h yJy{hnp~Ä|Tnph1~Zm `Zi `C¨Ñin_a`Ä_arE|S`Zª¢r{mi\^`GkSj^|S`ZmgEnjS y{h h `Zi r?ª"y
«^jy?j^~Zny?¦|S`Zmn³{y?in³`0~-r{jA³`ZmnjSWi r i\^`|TnGFUk^h npr{j²zSm rP~-`-h1h ¡*»£kSj^|S`Zm"y?zSzSm r{zSmny?i ` ~-r{j^|Tninpr{j^h»± , j^`r?ª¦ni h
_ y?njWy?iim1y{~Zin³`}ª·`y?ikSm `}nph)i\^`´`y{hnj^`-h1hr?ª4h i1y?j^|^y?m |'r{zSinpr{j'zSmnp~ZnjS Pgy{~1§Py?m |'nj^|Tk^~Zinpr{j¶±
¶`Zi
N
|S`Zj^r{i `¬i\^` h i `Zz­jPkS_9`Zmr?ªi\^`im `-`¬y?j^|
∆T = TN
i\^`¬~-r{mm `-hzr{j^|TnjSWin_a`C¨õh i `Zz¶±G[\^`pr{{¨
j^r{m_ y?5|TnGFUk^h npr{j'zSm rP~-`-h1h
(Sn∆T )0≤n≤N
nphy?zSzSm r-µTn_ y?i `-|GPg i\^`L6¦r-µE¨õxrh h¨õxkSSnj^hi `Znj'Snj^r{_ny?êzSm rP~-`-h h
(s0
∏n
j=1 Yj)0≤n≤N
)\^`Zm `i\^`m1y?j^|Sr{_ ³{y?mny?Sp`-h
Y1, . . . , YN
y?m `nj^|S`Zz`Zj^|S`ZjAiy?j^| np|S`ZjPinp~y?g|TnphimnSkSi `-|
)ni\Ä³{y?k^`-hnj {d, u} ±	¶`Zik^h|S`Zj^r{i `´Ag pu = P(Yn = u) = 1 − P(Yn = d)
±
Îk^h\Sj^`Zm èhi\^`-r{m `Z_ -Ü0/0h1y-gTh
i\y?i¯i\^`prE~y?~-r{j^hnph i `Zj^~Zg+~-r{j^|Tninpr{j^h»Ai\y?i¯nph°i\^`_ y?i ~1\SnjS+y?i¯i\^`«^m hi¦r{m |S`Zm¯r?ªOi\^`)«^m hi¦y?j^| h `-~-r{j^| _ar?¨
_a`ZjPi h r?ªUi\^`¯pr{Ay?mni\S_np~nj^~Zm `Z_a`ZjAi h r?ªUi\^`y?zSzSm r-µTn_ y?injS9~ \y?nj )ni\i\^rh `r?ªi\^`)~-r{jAinjPk^r{k^h*¨Ñin_a`n_ni
m1y?jPi´i\^`+~-r{jA³`Zm`Zj^~-`ar?ª¦i\^`+`CµEz`-~Zi1y?inpr{j^h´r?ª¦h _arPr{i\Wª¢kSj^~Zinpr{jy?ph±9[\^`-h `"«^m hiÎià¯r®_ar{_a`ZjPi h}_ y?i ~ \SnjS
~-r{j^|Tninpr{j^hm `y{|
{
pu log u+ (1 − pu) log d = (r − 12σ2)∆T
pu(log u)
2 + (1 − pu) (log d)2 = σ2∆T.
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wàji\^`(6¦rµP¨õxrh h*¨õxkSSnj^h i `Znja_arP|S`ZÑAi\^`)zSmnp~-`y?i	in_a`
n ∈ {0, . . . , N} r?ªi\^`)¸°kSm r{zU`y?j¡Hm `-hz¶±4t_a`Zmnp~y?j£q°kSir{zSinpr{jGnphn³`ZjGAg
v(n, s0
∏n
j=1 Yj)
)\^`Zm `}i\^`Îª¢kSj^~Zinpr{j^h
v(n, x)
~y?jG`}~-r{_zSkSi `-|'Ag i\^`´ª¢r{pr»)njS
y{~1§Py?m |Ä|TgEjy?_np~}zSm r{m1y?__njS¬`-oAky?inpr{j^h



vN (N,x) = (K − x)+
vN (n, x) = max
(
ψ(x),
1
upu + d(1 − pu)
[
puvN (n+ 1, xu) + (1 − pu)vN (n+ 1, xd)
]
)
,
¡%*£
)\^`Zm `
ψ ≡ 0 ¡Hm `-hz¶± ψ(x) = (K − x)+ £C± wõj®i\^`´¸°kSm r{zU`y?jG~y{h1`
vN (n, x) =
1
(upu + d(1 − pu))N−n
E
[(
K − x
N
∏
j=n+1
Yj
)+]
.
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[\^`azSm `-h `Zj^~-`r?ª
E[Y1] = upu + d(1 − pu)
nji\^`ay{~Ziky?nN<»y?inpr{j²ªÑy{~Zi r{m h}nj%¡%*£Îy?j^| ¡2P£`Zj^hkSm `-hÎi\y?i´i\^`
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ª·r{m
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r?ª4d¤fEd2im `-`-h»T¯`ÎzSm `Cª·`Zm)i r+n_zUrh `Îi\^`«^m h i`-oAky?niàgnjJ¡·£¯m1y?i\^`Zm)i\y?j®i\^`Î_ar{m `}k^h ky?
~-r{j^|Tninpr{j
upu + d(1 − pu) = er∆t
± br{inp~-`ai\y?i´kSj^|S`Zm ¡·£Z¶i\^`ay{hi9`-oPky?niõg¤\^r{p|Sh´kSz­i rGy i `Zm_2)ni\
r{m |S`Zm O((∆T )2) ±[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vN (0, s0)
¡Hm `-hz¶±'i\^`¬y?_ar{kSjAi vN (1,s0u)−vN (1,s0d)
s0(u−d)
r?ªmnph §PgJy{h h1`Zi´nj­i\^` m `ZzSnp~y?inpr{j/zUr{mi*ª·r{nprÄr{j­i\^`a«^m h i
in_a`C¨õh i `ZzJnj²i\^` 6¦rµP¨õxrh h*¨õxkSSnj^hi `Znj²_arE|S`Zý£C±abr{inp~-`ai\y?i9nj²r{m |S`Zm9i r®r{Si1y?nj­i\^` y?zSzSm r-µTn_ y?i `azSmnp~-`
y?j^|G|S`Zi1yT^r{j^`´r{jSg¬j^`-`-|Shi ra~-r{_zSkSi ` (
vN (n, s0u
kdn−k), 0 ≤ k ≤ n
) Ag y{~1§Py?m |'nj^|Tk^~Zinpr{jÄr{j
n
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[\^`k^h ky?@6¦rµP¨õxrh h*¨õxkSSnj^h i `Znjim `-`¡H\^`Zj^~-`Cª·r{mi\ |S`Zj^r{i `-|K6¦xx£	~-r{mm `-h zUr{j^|Sh¦i r"i\^`~1\^r{np~-`
u = 1d =
eσ
√
∆T y?j^| d + (u − d)pu = er∆T
±}[\Snphp`y{|Shi r
pu =
er∆T−e−σ
√
∆T
eσ
√
∆T−e−σ
√
∆T
± 9 \^`Zj
∆T
nphÎh_ y?5`Zj^r{kS\¤nÑ±è`±
)\^`Zj
N
nph}y?m``Zj^r{kS\¶êi\^`y?Ur»³`³{y?k^` r?ª
pu
U`Zpr{jSh9i r
]0, 1[
±v^r{m9i\Snph´~1\^r{np~-` r?ª
u

d
y?j^|
pu
êi\^`
h1`-~-r{j^|'`-oAky?niàg nj­¡·£¯nphh1y?inph*«`-| )\^`Zm `y{hi\^`´|TnGFO`Zm `Zj^~-`}U`Zià¯`-`ZjÄUr{i\Gh np|S`-h)r?ª5i\^`Î«^m h i`-oAky?niàg¬nj¡·£
nphr?ªr{m |S`Zm
(∆T )2
±²[\Snph+nph+hkT¼ ~Znp`ZjPii rW`Zj^h kSm `®~-r{jA³`Zm`Zj^~-`®i rWi\^` ¥¦y{~ §P¨©fE~ \^r{p`-ha_arE|S`Znj/i\^`n_ni
N → +∞ ± ¶`Zi PCRRN
y?j^|
PBS
|S`Zj^r{i `+i\^`+njSniny?4zSmnp~-`r?ª¦i\^`¸°kSm r{zU`y?jJq°kSiÎr{zSinpr{j¤)ni\¤_ y?ikSmniàg
Ty?j^|Jhimn§`
K
m `-h zU`-~Zin³`ZgWnj¤i\^` 6¦r-µE¨õxrh1h*¨õxkSSnj^hi `Znj¤_arE|S`Z y?j^|¤nj¤i\^`¥¦y{~ §P¨©fE~ \^r{p`-h"_arE|S`ZÑ±chnjS
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PCRRN = PBS −
Ke−rT
N
e−
d2
2
2
√
2
π
[
κN (κN − 1)σ
√
T +D1
]
+ O
(
1
N3/2
)
,
)\^`Zm `
d2 =
log(
s0
K
)+(r−σ2
2
)T
σ
√
T

κN
|S`Zj^r{i `-hÎi\^`ªHm1y{~Zinpr{jy?	zy?mi´r?ª log( Ks0 )
2σ
√
N
T − N2
y?j^|
D1
nph´y ~-r{j^hi1y?jAi±
¥`-~y?k^h `Îi\^`Îh `-oPk^`Zj^~-`
(κN )N
nph)rh ~Zny?injS y?i\^r{kS\®r{kSj^|S`-|OTnj®i\^`}y?zSzSm r-µTn_ y?inpr{j
2PCRR2N − PCRRN
r?ª
PBS
r{Si1y?nj^`-|ak^h njS9xnp~1\y?m |Sh r{j`CµTim1y?zUr{y?inpr{j¶Pi\^`)i `Zm_ )ni\¬r{m |S`Zm
1/N
|SrE`-h°j^r{i ³{y?jSnph\ )\Snp~ \`CµTzSy?nj^h
i\^`ÎzrEr{m)jAkS_a`Zmnp~y?¶`Z\y-³Enpr{kSmr?ª0i\Snphy?zSzSm r-µTn_ y?inpr{j¶± wõª0i\^`9fPimn§`
K
nph)`-oAky?Oi rr{j^`}r?ª5i\^`«^jy?Oj^rP|S`-h
(s0e
(2k−N)σ
√
∆T )0≤k≤N
r?ª	i\^`}im `-`i\^`ZjÄr{j^`}\y{h
κN = 0
±¦[\Snph	s*k^hin «`-hr{kSmnjAi `Zm `-hinjGim `-`-hh k^~ \'i\y?i
i\^`fPimn§`´~-r{nj^~Znp|S`-h)ni\'r{j^`9r?ª5i\^`Î«^jy?êj^rP|S`-h±
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K = s0
 O 
N = 2m
I
	= ?	) 
K
  %)T	;	=
(m+ 1)  	 &@D  	O
 !#"7	  
: ?  I
PCRR2m = PBS −
D1Ke
−rT
2m
e−
d2
2
2
√
2
π
+ O
(
1
m3/2
)
.
'L  = %$ =  "	=  	   &I%)
2PCRR4m − PCRR2m
	
PBS
 O
(
1
m3/2
) 
' 
N = 2m+ 1
1(:?  I
κN = 1/2
  .    )	O	
PCRR2m+1 = PBS −
Ke−rT
2m
e−
d2
2
2
√
2
π
[
D1 −
σ
√
∆T
4
]
+ O
(
1
m3/2
)
.
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2PCRR4m+1 − PCRR2m+1
	
PBS
  O
(
1
m3/2
) 
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T &&G0/1.2435/76(
?	  )   	8:9	 1  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  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O(%+
O== 1
2
(
1 +
(
r
σ − εσ2
)
√
T
N +
(
ε r
2
2σ − rσ6 + εσ
3
24
)
(
T
N
)3/2
)
+
O
(
1
N2
) 0& ; 
pu =
er∆T−e−σ
√
∆T
eσ
√
∆T −e−σ
√
∆T
T	
ε = 1
 upu
(d+(u−d)pu) =
eσ
√
∆T −e−r∆T
eσ
√
∆T−e−σ
√
∆T
T	
ε = −1  	<  &N
= A? ))  
 		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   
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	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√
N
=  	 &C 	O:	 ?T	 
1/N3/2	; = 	 	O     	   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
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wàj^hi `y{|+r?ªm `-oPkSnmnjS
u = 1d
y{h5nj+i\^` 6¦r-µE¨õxrh h*¨õxkSSnj^hi `Znj_arP|S`ZÑ¦`¦zSm r{zUrh `¦nji\^`dfEd_a`Zi\^rE|i rÎ`ZjT¨
h kSm `i\y?i°i\^`fPimn§`
K
nph4i\^`
(k+1)
¨Ñi\Ä¡H)ni\
k ∈ {1, . . . , N−1} £ê«^jy?Sj^rE|S`)r?ªUi\^`im `-` 8 K = s0ukdN−k)\Snp~1\Wy?ph r+)mni `-h 1
N log(
K
s0
) = q log u+ (1 − q) log d )\^`Zm ` q = kN
±
6¦r{_zSp`Z_a`ZjPinjS/i\Snpha`-oAky?inpr{j%)ni\8i\^` «^m hiiõ¦r²_ar{_a`ZjPia_ y?i ~ \SnjS~-r{j^|Tninpr{j^hW¡·£C¯¯` y?jAi i r¤«^j^|
(log u, log d, pu)
)ni\
log u > log d
y?j^|
pu ∈]0, 1[
h r{³EnjSGi\^`aª¢r{pr»)njSWhgThi `Z_ r?ª`-oPky?inpr{j^h9)ni\kSjT¨
§Ej^r)j^h
(x, y, p)





qx+ (1 − q)y = α
px+ (1 − p)y = β
px2 + (1 − p)y2 = γ
¡·£
)\^`Zm `
α = 1N log(
K
s0
)

β = (r− σ22 )∆T
y?j^|
γ = σ2∆T
±0[\^`)~-rP`C¼ ~Znp`ZjPi h
(q, α, β, γ)
`Zpr{jSÎi r
]0, 1[×R2×
R
∗
+
±
¥`-~y?k^h `r?ª¦i\^`h imnp~Zi9~-r{jA³`CµTniõg¤r?ªi\^`h oAky?m `ª¢kSj^~Zinpr{j¶0i\^`+iõ¯rGy{hi´`-oPky?inpr{j^h}n_zSgi\y?i
γ > β2nphy¬j^`-~-`-h h1y?mg¤~-r{j^|Tninpr{j²ª·r{m}i\^` `CµTnphi `Zj^~-`ar?ªy®h r{kSinpr{j¶±[\Snph´~-r{j^|Tninpr{j­r{P³Pnpr{k^h g¤\^r{p|Sh}n ª
N
nph}y?m`
`Zj^r{kS\¶±¯wõi)ikSmj^hr{kSii r`}hkT¼ ~Znp`ZjAi8
 ¾ 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	
γ > β2

q ∈]0, 1[ * =H	="I	  , ,$ =	=¤¡·£ $	 ,+ 	& 	   &  	%=
(pi, xi, yi)i∈{1,2}

]0, 1[×{(x, y) ∈ R2 : x 6= y}   O)   & O	=    = 	 	 (x1 − y1)(x2 −
y2) < 0
 =   &I
	%# L  1I1 	O  ,+)  	 	
x1 > y1
?
x2 < y2
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(p̄i, x̄i, ȳi)i∈{1,2}
	O 
I	   = 	    = " 8&N  
q= 
q̄ = 1 − q   ¡·£   .I =  (p̄i, x̄i, ȳi) = (1 − p3−i, y3−i, x3−i)
 
i ∈ {1, 2}  O   (pi, xi, yi)i∈{1,2} 	  	O7 & O	%= 7	O N ?&T
I 	  9) O	%  &G
A O
q = 12
 	O 	  M & O	= ¡·£ 
& =  = 
(p2, x2, y2) = (1 − p1, y1, x1)

  ÂOÂ  9²`9y{h h kS_a`}i\y?i
γ > β2
y?j^|
q ∈]0, 1[ ± 9²`9y?m `Î«^m h ir{njSai ra|S`y?¶)ni\Gi\^`´~y{h ` α 6= β `Cª¢r{m `im `y?injSi\^`´~y{h `
α = β
±
9S ¾
α 6= β  [\^`Zj i\^`Ä«^m hi iõ¦r8`-oAky?inpr{j^h'y?m ``-oPkSn³{y?p`ZjPi®i r p 6= q  x = α + (1 − q)β−αp−q
y?j^|
y = α− q β−αp−q
±	x`ZzSy{~ZnjSi\^`-h1``CµTzSm `-h hnpr{j^h)r?ª
x
`Zj^|
y
nj¬i\^`y{hi`-oPky?inpr{j¶T¯`}|S`-|Tk^~-`i\y?ii\^`}hgEh i `Z_
¡·£nph`-oAkSn³y?p`ZjAii r





p 6= q
x = α+ (1 − q)β−αp−q , y = α− q
β−α
p−q
ap2 + bp+ c = 0
)\^`Zm `





a = (α− β)2 + (γ − β2)
b = −(α− β)2 − 2q(γ − β2)
c = q2(γ − β2)
.
[\^`"|Tnph ~Zmn_njy?jAi
∆ = (α − β)2
[
(α− β)2 + 4q(1 − q)(γ − β2)
] r?ª4i\^`´y{hi`-oPky?inpr{jGnphzUrhnin³`"y?j^|'¯`
|S`-|Tk^~-`9i\y?ii\Snph`-oPky?inpr{jÄy{|T_ni hià¯r m rPr{i h 8
p1 =
−b+ (β − α)
√
(α− β)2 + 4q(1 − q)(γ − β2)
2a
y?j^|
p2 =
−b+ (α− β)
√
(α− β)2 + 4q(1 − q)(γ − β2)
2a
.
fPnj^~-`´i\^`ÎzUr{gEj^r{_ny?
P (z) = az2 + bz + c
y?ph r+)mni `-h
P (z) = (α− β)2(z2 − z) + (γ − β2)(z − q)2 Sr{j^``y{h ng'~ \^`-~ §Thi\y?i
P (z) > 0
ª·r{m
z ∈ R\]0, 1[ y?j^|Gi\y?i P (q) < 0 ±[\^`Zm `Cª·r{m `9r{j^`"r?ª	i\^`´m rEr{i h`Zpr{jShi r
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]0, q[
y?j^|®i\^`"r{i\^`Zmr{j^`}i r
]q, 1[
±dWr{m `}zSm `-~Znph `Zg
sign(p1 − q) = sign(β − α) = sign(q − p2)
±¯u`Zj^~-`´i\^`
h gEhi `Z_ ¡·£\y{h`CµSy{~Zig ià¯rah r{kSinpr{j^h
(p1, x1, y1)
y?j^|
(p2, x2, y2)
nj
]0, 1[×{(x, y) ∈ R2 : x 6= y} )ni\
xi = α+ (1 − q)
β − α
pi − q
y?j^|
yi = α− q
β − α
pi − q
ª·r{m
i ∈ {1, 2}.
br{inp~-`}i\y?i
xi = yi +
β−α
pi−q
T)\Snp~ \Ä`Zj^h kSm `-h)i\y?i
x1 > y1
y?j^|
x2 < y2
±
9S ¾
α = β
 fPnj^~-`}¯`y?m `ÎprPr{§EnjSª·r{mh r{kSinpr{j^h))ni\
x 6= y Ti\^`Î«^m h i)iõ¯r`-oAky?inpr{j^hnj®i\^`´hgThi `Z_ ¡·£y?m `+`-oPkSn³{y?p`ZjPii r
p = q
y?j^|
x = (β + (q − 1)y)/q ±Îx`ZzSy{~ZnjS¬i\^`-h `"`CµTzSm `-h hnpr{j^hÎr?ª p y?j^| x njWi\^`9y{h i`-oPky?inpr{j¶^¦`´|S`-|Tk^~-`}i\y?i"¡·£nph`-oAkSn³y?p`ZjAii r





p = q
x = (β + (q − 1)y)/q
y2 − 2βy + β2−qγ1−q = 0.
[\^`9|Tnph ~Zmn_njy?jAiÎr?ª5i\^`Îy{h i`-oAky?inpr{j
∆ = 4q(γ−β
2)
1−q
nph)zrhnin³`9y?j^|'i\Snph`-oAky?inpr{jG\y{h)iõ¦r h r{kSinpr{j^h
y1 = β −
√
q(γ − β2)
1 − q
y?j^|
y2 = β +
√
q(γ − β2)
1 − q .
[\^`9~-r{mm `-hzUr{j^|TnjS³{y?k^`-h)ª¢r{m
x
x1 = β +
√
(1 − q)(γ − β2)
q
y?j^|
x2 = β −
√
(1 − q)(γ − β2)
q
,
r{P³Pnpr{k^h gGh1y?inph*ª¢g
x1 > y1
y?j^|
x2 < y2
±u`Zj^~-`9i\^`9hgThi `Z_ ¡·£)\y{h`Cµ^y{~Zig®iõ¦rh r{kSinpr{j^h
(q, x1, y1)
y?j^|
(q, x2, y2)
nj
]0, 1[×{(x, y) ∈ R2 : x 6= y} ±
ê`Zi®k^hikSmjy{~1§%i ri\^`~-r{j^himk^~Zinpr{j r?ª"d¤fEd im `-`-h»± th1hkS_njS/i\y?i
γ > β2
ª¢r{m
q = k/N
)ni\
k ∈ {1, . . . , N − 1} Si\^`´h r{kSinpr{j^h (pi, xi, yi)i∈{1,2}
r?ª9¡·£¦n³`Zj'Pg ¶`Z__ yGÎzSm r³Enp|S`´ià¯raim `-`-h8
  i\^`¬«^m hiar{j^` )ni\ pu = p1

log u = x1
y?j^|
log d = y1
nphahk^~1\8i\y?iai\^`
(k + 1)
¨Ñi\8«^jy?j^rE|S`
s0u
kdN−k
r?ª4i\^`Îim `-`}nph`-oPky?¶i r+i\^`"fPimn§`
K

  i\^`h `-~-r{j^|r{j^`)ni\ pu = 1− p2

log u = y2
y?j^|
log d = x2
nph¦hk^~1\¬i\y?i¦i\^`
(N − k) ¨Ñi\«^jy?Uj^rE|S`
s0u
N−kdk
r?ª4i\^`Îim `-`}nph`-oPky?¶i r+i\^`"fPimn§`
K
±
br{inp~-`i\y?iy{~-~-r{m |TnjSi rx`Z_ y?m§ *TEh1r{³PnjS+hgThi `Z_¡·£	ª·r{m
q = (N − k)/N p`y{|Sh¯i ri\^`iõ¦rhYy?_a`im `-`-h»±tj^|®)\^`Zj
N
nph`Z³`ZjÄy?j^|
k = N/2
Sr{i\'im `-`-hy?m `9`-oAky?Ñ±
 Â  Â  ýS ¿  '    	 	
N ≥
(
r
σ − σ2
)2
T
  O   &
k ∈ {1, . . . , N − 1}  	O      $ = K  	  	T	
N
	  
4= 7 	  
(pu, log u, log d)
8T	
pu ∈]0, 1[
?
log u > log d
"$ 	.
 "	O	  
   	A"7 
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?  =.	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K
 $,$ =& 	 	=
(k + 1)  	  & 1 , 	OL	  
K = s0u
kdN−k
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












pu =
(α−β)2+2q(γ−β2)−(α−β)
√
(α−β)2+4q(1−q)(γ−β2)
2((α−β)2+(γ−β2))
log u = α+ (1 − q) β−αpu−q
log d = α− q β−αpu−qT	K &I 
	 β−α
pu−q =
√
γ−β2
q(1−q)
 O
α = β
 O 













q = kN
α = 1N log
(
K
s0
)
β =
(
r − σ22
)
T
N
γ = σ2 TN
.
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	  	O  = CI,$ O	%=  
log u

log d
T	O &I
	%&10&    β−α
pu−q
 O
α = β
 
√
γ − β2
q(1 − q) = limα6=β
α→β
β − α
pu − q
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k ∈ {1, . . . , N − 1} 	=  K   	    = 	 	 K = s0ukdN−k
     =    " )
u
?
d 7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K = s0e
(2k−N)σ
√
∆t  =     	O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?     	  
  	O  & K	  " O 	 	
u = 1d
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log u 6= − log d 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O&  & "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O$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  ! 	  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O1 )L	 	
n
 	   = 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= ?1)L	 	 
n+ 2
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¥`-~y?k^h `Är?ªÎx`Z_ y?m§¯¦`'_ yg/`CµTz`-~Ziai\y?i i\^`®njSniny?zSmnp~-`
P2m
r?ªÎi\^`G¸°kSm r{zU`y?j q	kSir{zSinpr{j )ni\
h imn§`
K
y?j^| _ y?ikSmniõg
T
nj8i\^`'d¤fEd _arP|S`Z)ni\
N = 2m
`Z³`Zj y?j^|
k = m
nphahk^~1\ i\y?i
P2m =
PBS +
C
m + O
(
1
m3/2
) )ni\
C
j^r{iÎ|S`ZzU`Zj^|TnjS®r{j
m
¡
PBS
|S`Zj^r{i `-hi\^`"njSniny?5¥¦y{~1§A¨©fE~1\^r{p`-h}zSmnp~-`"r?ª¯i\^`
q°kSi´r{zSinpr{j£C±vr{pr)njSGi\^`np|S`y{h´r?ª- 2/õ¯`ay?m `+r{njS®i r®r{Si1y?nj²hk^~1\Jy?j¤`CµEzy?j^hnpr{j¶±¥¦g/¡2P£Îy?j^|¤h nj^~-`
K = s0u
mdm
Sr{j^`´\y{h
P2m =
K
(d+ (u− d)pu)2m
m−1
∑
j=0
(
2m
j
)
pju(1 − pu)2m−j − s0
m−1
∑
j=0
(
2m
j
)(
upu
d+ (u− d)pu
)j ( d(1 − pu)
d+ (u− d)pu
)2m−j
¡·£
y?j^|¬ª¢r{m
y ∈ {0, 1}, v2m(1, s0uyd1−y) =
K
(d+ (u− d)pu)2m−1
m−1
∑
j=0
(
2m− 1
j
)
pju(1 − pu)2m−1−j
− s0uyd1−y
m−1
∑
j=0
(
2m− 1
j
)(
upu
d+ (u− d)pu
)j ( d(1 − pu)
d+ (u− d)pu
)2m−1−j
.
, j^`|S`-|Tk^~-`-h9i\y?i9i\^`anjSniny? |S`Zi1y
δ2m =
v2m(0,s0u)−v2m(0,s0d)
s0(u−d)
r?ª)i\^`a¸	kSm r{z`y?jq	kSi9nj²i\^` d¤fEd im `-`
)ni\
2m
hi `Zz^hy?j^|
k = m
nph)n³`Zj'Pg
δ2m = −
m−1
∑
j=0
(
2m− 1
j
)(
upu
d+ (u− d)pu
)j ( d(1 − pu)
d+ (u− d)pu
)2m−1−j
.
wàj i\^`y?r³`ª·r{m_9kSy{h»
u

d
y?j^|
pu
|S`Zz`Zj^| r{j
m
±	[0rr{Si1y?nj i\^`}y{hgE_zSi r{inp~Î`CµEzy?j^hnpr{j®r?ª
P2m
y?j^|
δ2mnj­zUr»¯`Zm hr?ª
1/
√
m
¶¯`¬y?m `r{njSGi rG~-r{_zSkSi `ai\^` y{hgE_zSi r{inp~ `CµTzy?j^hnpr{j^h"r?ªi\^`-h1`a~-rP`C¼ ~Znp`ZjPi h± dÄr{m `
zSm `-~Znph1`Zg^¯`´j^`-`-|®i\^`´y{hgE_zSi r{inp~´`CµEzy?j^h npr{j^hr?ª
pu
 upu
d+(u−d)pu
y?j^|
(d+ (u− d)pu)−2m
8
 ¾  ² ) '  	O  K
  	  	T	
N = 2m
	  
L
k = m
 ?  I









pu =
1
2 +
d2
2
√
2m
+ µ
(2m)3/2
+ O
(
1
m5/2
)
upu
d+(u−d)pu =
1
2 +
d1
2
√
2m
+ ν
(2m)3/2
+ O
(
1
m2
)
(d+ (u− d)pu)−2m = e−rT
(
1 + ηm
)
+ O
(
1
m3/2
)
 O 



d1 =
log(
s0
K
)+(r+ σ
2
2
)T
σ
√
T
d2 = d1 − σ
√
T
,

µ =
d2 log(
s0
K
)
h
log( K
s0
)+(σ2−2r)T
i
4σ2T

ν =
d1 log(
s0
K
)
h
log( K
s0
)+(σ2−2r)T
i
4σ2T
− (r−
σ
2
)2T 3/2
2σ − σ
2Td2
2 − σ
3T 3/2
6

η = 14
(
r − σ22
)2
T 2 + 124σ
4T 2 + d26 σ
3T 3/2
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9²`m `Z_ y?m§²i\y?ii\^``CµTzy?j^hnpr{j^h+r?ªr{i\
pu
y?j^| upu
d+(u−d)pu
)mni ` 1
2 +
a√
2m
+ b
(2m)3/2
+ O
(
1
m2
) ±G[\Snph
s*k^hin «`-hr{kSmnjAi `Zm `-hinj®i\^`}j^`CµEi ê`Z__ y)\Snp~ \Gnphr{Si1y?nj^`-|®ª·r{pr)njSi\^`´y?zSzSm ry{~ \|S`Z³`Zpr{zSzU`-|®nj - 2/ 8
 ¾  ²  95
p = 12 +
p̃√
2m
+
˜̃p
(2m)3/2
+ o
(
1
m3/2
)  	O& $	
m→ +∞  	O
m−1
∑
j=0
(
2m
j
)
pj(1 − p)2m−j = N (−2p̃) − e−2p̃2
(
1√
4πm
+
1
m
√
2π
(
p̃3 + ˜̃p− p̃
4
))
+ O
(
1
m3/2
)
m−1
∑
j=0
(
2m− 1
j
)
pj(1 − p)2m−1−j = N (−2p̃) + e
−2p̃2
m
√
2π
(
p̃
4
− p̃3 − ˜̃p
)
+ O
(
1
m3/2
)
,
 =  N (x) = ∫ x−∞ e−y
2/2 dy√
2π
?	 )	O     &N	.I$ 	 = O	%	   	%, 	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`Cª·r{m `}zSm r³EnjS ¶`Z__ y{hÎy?j^|M*TTp`Zik^h|S`-|Tk^~-`}i\^`´`CµTzy?j^hnpr{j^hr?ª
P2m
y?j^|
δ2m
±	¥¦g²¡·£Z
P2m =Ke
−rT
(
1 +
η
m
+ O
(
1
m3/2
))(
N (−d2) − e−
d2
2
2
(
1√
4πm
+
1
m
√
2π
(
d32 − d2
8
+ µ
))
+ o
(
1
m
))
− s0
(
N (−d1) − e−
d2
1
2
(
1√
4πm
+
1
m
√
2π
(
d31 − d1
8
+ ν
))
+ o
(
1
m
))
.
fPnj^~-`
e−
d2
1
2 = e−
d2
2
2
Ke−rT
s0
Si\^`Îi `Zm_ah)ni\Är{m |S`Zm
1/
√
m
~y?j^~-`ZÑ±
vr{m i\^`G|S`Zi1yTi\^`Ä~-r{_zSkSi1y?inpr{j^h®y?m `®³`Zmg `y{hg± th
PBS = Ke
−rTN (−d2) − s0N (−d1)
y?j^|
δBS =
−N (−d1)
y?m `m `-hzU`-~Zin³`Zg¤i\^` njSniny?¦¥¦y{~1§A¨©fE~1\^r{p`-h+zSmnp~-`¬y?j^||S`Zi1y'r?ªi\^`¸	kSm r{zU`y?j8q	kSir{zSinpr{j¶4¯`
r{Si1y?nj
 Â  Â  ýS ¿ ) '
m
	 I 	   	 
P2m = PBS +
CP
m
+ O
(
1
m3/2
) T	
CP = Ke
−rT

ηN (−d2) +
e−
d2
2
2√
2π
(
d31 + d2 − d32 − d1
8
+ ν − µ
)


δ2m = δBS +
Cδ
m
+ O
(
1
m3/2
) T	
Cδ =
e−
d2
1
2√
2π
(
d31 − d1
8
+ ν
)
,
 = 
d1

d2

µ

ν

η
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bkS_a`Zmnp~y?m `-hkSi h+nj/i1y?Sp`¤¬nk^him1y?i `¬i\y?inj/i\^`®y?Ur»³`®`CµEzy?j^hnpr{j^h»	i\^`¬j^`CµEi+i `Zm_ nphy O ( 1
m2
)
m1y?i\^`Zmi\y?jÄy O
(
1
m3/2
) ±
m
  2A 
m2 ×
(
P2m − PBS − CPm
) T±ÜT1** T±ÜT1*B022 T±ÜT1*B T±ÜT1**
m2 ×
(
δ2m − δBS − Cδm
) ¨¯T±ÜTDB{I2A ¨¯T±ÜTDB{* ¨¯T±ÜTDB{T1* ¨¯T±ÜTDB{
[5y?Sp`a8 , zSinpr{j'zy?m1y?_a`Zi `Zm h
s0 = 100

K = 107.96

T = 0.8375

r = 0.0107

σ = 0.2168
v^r{mnjAi `Z`Zm h
p
y?j^|
i ∈ {1, . . . , p − 1} Or{j^`+~-r{kSp|hik^|Tg'i\^`y{hgE_zSi r{inp~+`CµEzy?j^hnpr{jr?ª i\^`+¸	kSm r{z`y?jq°kSizSmnp~-`nji\^`dfEd im `-`)ni\
N = p ∗ q hi `Zz^h}y?j^| k = i ∗ q ±ÎwõjWi1y?Sp`TU¯`n³`jAkS_a`Zmnp~y?	m `-hkSi h
Ç0Ç ÌWSðCð1ãX
 !   $   J$'(
	  ? 	%	 
ª·r{m
p = 8
	)\Snp~1\ h\^r i\y?i+kSjSp`-h h
i = p/2 = 4
°i\^`¬~-r{jP³`Zm`Zj^~-` m1y?i `i rWi\^` ¥¦y{~ §P¨©fE~ \^r{p`-hzSmnp~-`¬nph
r{P³Pnpr{k^h g
1/
√
N
r{m¦`-oAkSn³y?p`ZjAig
1/
√
q
±4[\^`~y{h `
i = 4
nk^h im1y?i `-h ~-r{m r{y?mg "80)\^`Zj i\^`hi `ZzajAkS_"U`Zm¯nph
_"kSinzSnp`-| Pg
4
Ai\^`)³{y?k^`nji\^`~-r{mm `-hzUr{j^|TnjS~-r{kS_janph°|Tn³Enp|S`-|AgT)\Snp~1\ _a`y?j^h°i\y?i	i\^`|TnGF`Zm `Zj^~-`
`Ziõ¦`-`ZjGi\^`´d¤fEd$zSmnp~-`9y?j^|®i\^`´¥¦y{~ §P¨©fE~ \^r{p`-hzSmnp~-`}nph|Tn³Enp|S`-|®Pg
2 ×
√
4 = 4
±
N i = 1 i = 2 i = 3 i = 4 i = 5 i = 6 i = 7q°mnp~-`  ± *B T±ÜBB{ T±ÜB02 À      ¨àT± 2AB{ ¨àT±ÜB{ ¨1±ÜB*
 ± 2A T±CB{ T± *T À   )  ¨àT± 2*T 2 ¨àT±ÜT1*I2 ¨1±CB{
* ±ÜBB T±CB{B{ T± *I2A* À   )	1) ¨àT± 2A ¨àT±ÜB{I2 ¨1±CBEDB*
 ±Ü T±ÜTDB* T± * À 
     ¨àT± * ¨àT±ÜT ¨1±Ü
Î`Zi1y  T± *I2A T±DB{B T±Ü     )  ¨àT±ÜB02A ¨àT±I2 ¨àT± ***
 T± *I2*T T±DB02A T±ÜB{B      )	 ¨àT±ÜB{ ¨àT±DBE ¨àT± **I2
* T± *I2^ 2 T±DB* T±ÜB{    	     ¨àT±ÜB{ ¨àT±DB{T ¨àT± **T
 T± *I2A T±DB*I2 T±ÜBBB    	   ) ¨àT±ÜBB{ ¨àT±DB{ ¨àT± **
[0y?Sp`O8 √
N ∗ (MSM(k = i ∗ (N/8)) −BS) ¡¢h `-`Îi1y?Sp` ª¢r{m)i\^`}zy?m1y?_a`Zi `Zm hC£
  ÂOÂ´Â   ¾  J )  9²`r{jSgWn³``Zp`Z_a`ZjAi h9r?ª¯zSm rEr?ª¯nj¤i\^`+~y{h `
K 6= s0e(r−
σ2
2
)T ± 6¦r{_zSkSi1y?inpr{j^h
y?m `9hn_ny?mSkSi`y{hnp`Zm))\^`Zj
K = s0e
(r−σ2
2
)T ±
, j^`´\y{h
q = m/2m = 1/2

α = 12m log(
K
s0
)

β = (r − σ22 ) T2m
y?j^|
γ = σ2 T2m
±	t)~-~-r{m |TnjS i r ~-r{m r{y?mg
pu =
1
2
(
1 +
β − α√
γ
(
1 +
α(α− 2β)
γ
)−1/2
)
=
1
2
(
1 +
β − α√
γ
+
1
2
α(α − β)(α− 2β)
γ3/2
)
+ O
(
1
m5/2
)
.
b`CµTi
log u = α+
β − α
2(pu − 12)
= α+
√
γ + α(α − 2β) = √γ + α+ 1
2
α(α − 2β)√
γ
+ O
(
1
m5/2
)
.
thy+~-r{j^h `-oPk^`Zj^~-`
u = 1 +
√
γ +
(
α+
γ
2
)
+
(
1
2
α(α− 2β)√
γ
+ α
√
γ +
γ3/2
6
)
+
(
α
(
α− β + γ
2
)
+
γ2
24
)
+ O
(
1
m5/2
)
y?j^|
2upu = 1+
(
β − α√
γ
+
√
γ
)
+
(
β +
γ
2
)
+
(
1
2
α(α − β)(α− 2β)
γ3/2
+
√
γ
α+ β
2
− α
2
2
√
γ
+
γ3/2
6
)
+O
(
1
m2
)
.
¡B£
wàj®i\^`´h1y?_a`´¦y-ghnj^~-`
log d = α− β−α
2(pu− 12 )
r{j^`Î\y{h
d = 1 −√γ +
(
α+
γ
2
)
−
(
1
2
α(α − 2β)√
γ
+ α
√
γ +
γ3/2
6
)
+
(
α
(
α− β + γ
2
)
+
γ2
24
)
+ O
(
1
m5/2
)
.
b`CµTi
d+ (u− d)pu = 1 +
(
β +
γ
2
)
+
γ
24
(4β + 8α+ γ) + O
(
1
m5/2
)
.
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(d+ (u− d)pu)−1 = 1 −
(
β + γ2
)
+ O
(
1
m2
) ± 9 ni\­¡B£CSr{j^`´|S`-|Tk^~-`-h
2upu
d+ (u− d)pu
= 1+
(
β − α√
γ
+
√
γ
)
+
(
α(2β − α)
2γ
× β − α+ γ√
γ
− β
2
√
γ
+ (α− β)√γ − γ
3/2
3
)
+O
(
1
m2
)
.
v^m r{_ ¡·£CSr{j^`´r{Si1y?nj^h
log(d+ (u− d)pu) =
(
β +
γ
2
)
−
(
β2
2
+
γ2
12
+
γ(β − α)
3
)
+ O
(
1
m5/2
)
.
thy+~-r{j^h `-oPk^`Zj^~-`
(d+ (u− d)pu)−2m = e−2m(β+
γ
2
)
(
1 +m
(
β2 +
γ2
6
+
2γ(β − α)
3
))
+ O
(
1
m3/2
)
.
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Ag¬m `ZzSy{~ZnjS
α

β
y?j^|
γ
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ª·r{m
n ∈ {2m, 2m− 1}
m−1
∑
j=0
(
n
j
)
pj(1 − p)n−j = 1 −
n
∑
j=m
(
n
j
)
pj(1 − p)n−j = 1 −m
(
n
m
)
∫ p
0
ym−1(1 − y)n−mdy.
dy?§EnjSai\^`´~ \y?jS`9r?ª5³y?mny?Sp`-h
Y =
√
2m(y − 12 )
nj'i\^`ÎnjPi `Zm1y?Ñr{j^`´`y{hng |S`-|Tk^~-`-h
m−1
∑
j=0
(
2m
j
)
pj(1 − p)2m−j = 1 − 21/2−2m√m
(
2m
m
)
∫
√
2m(p− 1
2
)
−
√
m/2
(
1 − 2Y
2
m
)m
dY
1 + Y
√
2
m
m−1
∑
j=0
(
2m− 1
j
)
pj(1 − p)2m−1−j = 1 − 23/2−2m√m
(
2m− 1
m
)
∫
√
2m(p− 1
2
)
−
√
m/2
(
1 − 2Y
2
m
)m−1
dY.
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n! ∼ e−(n+1)(n+1)1/2+n
√
2π
[
1 + 112n + O
(
1
n2
)] r{j^`¦~ \^`-~1§Eh°i\y?i5r{i\i\^`¦~-rE`CªH¨
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π
(
1 − 18m
)
+
O
(
1
m2
) ±
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m
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2m
hi `Zz^hy?j^|
k = m
± b`Z³`Zmi\^`Zp`-h h»SU`-~y?k^h1`´r?ª5i\^`9`CµEzy?j^hnpr{j^hr{Si1y?nj^`-|
ª·r{m¦i\^`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_a`Zmnp~y?jGq	kSi±
v^r{m
m ∈ N hk^~ \i\y?i 2m ≥ ( rσ − σ2
)2
T
i\^`dfEdWx"¡2_ E{?_£°_a`Zi\^rE|~-r{j^hnph i h°nj¬y?zSzSm rµEn_ y?injSi\^`
njSniny?5¥¦y{~ §P¨©fE~ \^r{p`-h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2PA4m − PA2m
y?j^|
2
vA4m (1, s0u4m) − vA4m (1, s0d4m)
s0 (u4m − d4m)
− v
A
2m(1, s0u2m) − vA2m(1, s0d2m)
s0(u2m − d2m)
.
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4m
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k = m
±
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